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Venue

The meeting takes place on campus, KTH Royal Institute of Technology.

Lunch and registration:
Mathematics department lunch room. Lindstedtsvägen 15

Lectures and coffee breaks:
Lecture hall H1: Teknikringen 33

Conference dinner:
Restaurant Cypern. Valhallavägen 50

Support

The meeting is supported by Brummer & Partner MathDataLab.
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Localized inverse factorization

Artemov, Antona

Rubensson, Emanuel H., Kruchinina, Anastasia and Rudberg, Eliasa

a Uppsala University

We present an algorithm for computing an inverse factorization S−1 = ZZ∗, where S is a Her-
mitian positive definite matrix with a special localized structure, i.e. with elements decaying
exponentially w.r.t. a given distance function defined on the index set. The algorithm is of
divide-and-conquer type where the problem is split recursively into two subproblems whose solu-
tions are combined in a correction step. Being a reformulation of recursive inverse factorization
(Rubensson et al. (2008) J. Chem. Phys., 128, 104105), the algorithm relies exclusively on
localized computations, which allow to get negligible costs of combining together solutions of
sub-problems.
We demonstrate the properties of the algorithm both on artificial examples and on real matrices
coming from discretization of chemical systems and show that the localized approach leads to
substantial decrease of communication in a distributed environment.
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Rayleigh quotient optimizations and eigenvalue problems

Bai, Zhaojuna

a University of California, Davis, US

Many computational science and data analysis techniques lead to optimizing Rayleigh quotient
(RQ) and RQ type objective functions, such as computing excitation states (energies) of elec-
tronic structures, robust classification to handle uncertainty and constrained data clustering to
incorporate a prior information. We will discuss origins of recently emerging RQ optimization
problems, variational principles, and reformulations to algebraic linear and nonlinear eigenvalue
problems. We will show how to exploit underlying properties of eigenvalue problems for designing
eigensolvers, and illustrate the efficacy of these solvers in applications.
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A modified Logarithm on the Grassmann Manifold

Bendokat, Thomas∗

Zimmermann, Ralf∗

∗ University of Southern Denmark, Odense

The Grassmann manifold, i.e. the space of all p-dimensional subspaces of Rn, is used in a large
variety of applications. These include but are not limited to data analysis and signal processing,
subspace estimation and subspace tracking, computer vision, structured matrix optimization
problems and projection-based parametric model reduction.

As a rule, practical data processing methods on manifolds work with the so-called Riemannian
normal coordinates. The Riemannian normal coordinates, in turn, rely on the Riemannian
exponential and logarithm mappings: The exponential mapping sends a tangent vector to the
geodesic, i.e. the locally shortest curve, in direction of that tangent vector, evaluated at unit
time. The logarithm at a given base point accordingly takes another manifold location as an
input and returns the direction, i.e. tangent vector, of the locally shortest curve between the
two points. Not all pairs of points can be joint by a unique shortest geodesic, as can be seen by
looking at antipodal points on the sphere. For a point P , all the points that do not have a unique
shortest connection from P towards them form the cut locus of P . The established algorithms
for computing the Riemannian logarithm on the Grassmann manifold fail to provide an output
in these cases.

In this talk, we present a modification of the Grassmann logarithm that retains the same
computational complexity, but also produces a valid tangent vector for cut points. Moreover,
the complete set of valid tangent vectors that lead to the same cut point can then be directly
derived from the algorithm.
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PDE-constrained optimization:
Matrix structures and preconditioners

Dravins, Ivoa

Neytcheva, Mayaa

aUppsala University

The task to optimally control processes governed by partial differential equations appears in
many applications. Their study using computer simulations implies the need to solve large scale
nonlinear algebraic systems and their linearized counterparts, necessitating robust and efficient
numerical techniques.

For a rather large class of PDE-constrained optimization problems, the origin of the algebraic
systems is the first-order optimality conditions of the discrete form of the cost functional and
the constraining PDE. We consider a cost functional of the form:

J(y, u) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖u‖2L2(Ω) + β‖u‖2L1(Ω),

Optimization is done with respect to both a state y and a control variable u. In addition,
constraints on u and/or y to be within certain bounds are imposed, and on u - to be sparse,
which is achieved by including the L1 regularization term in J . Here yd is some desired state, α
and β are regularization parameters.

The algebraic problems in the above setting are nonlinear and are solved using a semi-smooth
(quasi-)Newton method. We focus on the matrix structure in the arising linear systems and
approaches to construct numerically and computationally efficient preconditioners.

We illustrate the performance of some preconditioning techniques with numerical experi-
ments. The implementation is done in Julia.
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Approximate solution of system of equations arising in interior-point
methods for bound-constrained optimization

Ek, Davida

Forsgren, Andersb

a KTH Royal Institute of Technology
b KTH Royal Institute of Technology

We consider interior-point methods for bound-constrained nonlinear optimization where the sys-
tem of nonlinear equations that arise are solved with Newton’s method. There is a trade-off
between solving Newton systems directly, which give high quality solutions, and solving many
approximate Newton systems which are computationally less expensive but give lower quality
solutions. We discuss approximating partial and full solutions of the Newton systems using Schur
complements. In addition, we discuss the inherent ill-conditioning specific for optimization. The
theoretical setting is introduced and asymptotic error bounds are given along with numerical
results for bound-constrained convex quadratic optimization problems.
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Krylov methods for low-rank regularization

Gazzola, Silviaa

Meng, Changb

Nagy, Jamesb

a University of Bath, Bath, UK
b Emory University, Atlanta, GA, USA

This talk introduces new solvers for the computation of low-rank approximate solutions to large-
scale linear problems, with a particular focus on the regularization of linear inverse problems.
We are mainly concerned with algorithms that solve the so-called nuclear norm regularized
problem, where a suitable nuclear norm penalization on the solution is imposed alongside a
fit-to-data term expressed in the 2-norm: this has the effect of implicitly enforcing low-rank
solutions. By adopting an iteratively reweighted norm approach, the nuclear norm regularized
problem is reformulated as a sequence of quadratic problems, which can then be efficiently solved
using Krylov methods, giving rise to an inner-outer iteration scheme. The new strategies are
particularly desirable because: Kronecker product properties are exploited to conveniently define
the reweighted 2-norm penalization terms, and the regularization parameter can be adaptively
set along the iterations. Variants that leverage flexible Krylov subspaces will be proposed. The
results of some numerical experiments will be displayed to assess the performance of the new
solvers.
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Eigensolutions in Distributed Computing Environments

Hannukainen, Anttia

Malinen, Jarmoa

Ojalammi, Anttia

a Aalto University

Let Ω ⊂ R3 and V ⊂ H1
0 (Ω) be the standard first order finite element space over a tetrahedral

partition of Ω. In this presentation, we consider the eigenvalue problem: Find (λ, u) ∈ R+×V\{0}
such that for each w ∈ V

∫

Ω
∇u · ∇w dx = λ

∫

Ω
uw dx and ‖u‖L2(Ω) = 1. (1)

Our aim is to compute the eigenvalues and the correspoding eigenfunctions in the spectral interval
of interest (0,Λ) to a user specified accuracy. We focus on problems whose solution using a single
workstation is impossible due to several eigenvalues that belong to (0,Λ), need for high accuracy,
or complicated geometry that requires the use of a fine mesh.

Distributed computing environments, e.g. cloud computing services, are nowadays widely
available. Existing parallel eigensolvers require intermediate communication between processes
and cannot be efficiently used when this is prohibitively expensive. We propose a method that
does not require any intermediate communication and hence is well suited, e.g. to cloud com-
puting. As an example, we describe implementation using 20 standard desktop computers at our
home institute.

In our method, problem (1) is approximately solved by a Ritz projection to a subspace Ṽ that
is constructed from several local subspaces related to an open cover of Ω. Each local subspace
is obtained using a variant of the CPI-method as in [1]. In CPI, the restriction of eigenfunction
on a subdomain of Ω is expressed using a parameteric linear mapping. The local subspace is
then constructed from this linear mapping using interpolation and singular value decomposition.
Our variant uses appropriate norms for SVD and takes advantage of the smoothing properties
of the problem at hand to keep the dimension of Ṽ small. In this presentation, we describe our
method, outline the analysis for relative eigenvalue error and demonstrate the performance by
numerical examples.

References
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Simultaneous ALS: Fitting several PARAFAC models e�ciently

Karlsson, Lars

Umeå University

The PARAFAC tensor model approximates a given order-d tensorX as a sum of R rank-1 tensors:

X =
R∑

r=1

a(1)r ⊗ a(2)r ⊗ · · · ⊗ a(d)r + E,

X

=

a
(1)
1

a
(3)
1

a
(2)
1

+ · · · +

a
(1)
R

a
(3)
R

a
(2)
R

+
E

where E captures the approximation error. Alternating Least Squares (ALS) is a widely used
numerical method for �tting PARAFAC models. From an application's point of view, ALS can
be considered a black box. The algorithm requires an initial guess and the desired rank of the
model as input, and after some time provides a �tted model of the speci�ed rank.

However, some applications require more than what ALS alone can provide. In particular,
the �appropriate� rank may not be known ahead of time, and to avoid poor local optima it might
be desired to try many initial guesses. If computational cost and e�ciency is a concern, then
there are better ways of organizing the computation than a doubly-nested loop around ALS.
First, there must be smarter/cheaper strategies than the brute force approach of �tting many
models for all reasonable ranks. Second, if the rank is small then the cost of ALS is dominated
by an ine�cient matrix�matrix multiplication with only O(R) �ops/byte.

In this talk, I will describe an ongoing investigation into a simple idea that aims to accel-
erate the task of �tting several PARAFAC models, of identical or di�erent ranks, to the same
underlying tensor X. Studies show that the computational e�ciency is improved by better use
of the memory hierarchy made possible by simultaneously �tting several models to the same

tensor. After introducing the idea, I will discuss two related challenges. First, how can one
realize this idea in high-performance parallel code? The objectives are to avoid permutation of
data in memory, avoid memory-bound generation of temporary matrices, facilitate use of the
BLAS, and enable e�ective thread-level parallelism. Second, how can one design a black-box
programming interface that makes the new capabilities accessible to non-experts? Regular ALS
can be e�ectively encapsulated in a function. But simultaneous ALS �ts poorly to the concept
of a function and is more naturally thought of as a service.
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Parallel Robust Solution of Triangular Equations

Kjelgaard Mikkelsen, Carl Christian

spock@cs.umu.se

Umeå University

Triangular linear systems are central to the solution of general linear systems, the calculations
of eigenvectors, and the solution of Sylvester matrix equations. In the absence of floating-point
exceptions, simple substitution runs to completion and solves a system which is a small pertur-
bation of the original system. If the matrix is well-conditioned, then the normwise relative error
is small. However, there are well-conditioned triangular linear systems for which substitution
fails due to overflow. The robust solvers xLATRS from LAPACK extend the set of linear systems
which can be solved by dynamically scaling the solution and the right-hand side to avoid over-
flow [1]. These solvers are sequential and apply to systems with a single right hand-side. The
LAPACK solvers for computing eigenvectors of matrices and matrix pencils in Schur form and
solving triangular Sylvester equations are all derived from xLATRS. Previous efforts to create al-
gorithms which are blocked, parallel and robust have meet with limited success [2]. In particular,
the current ScaLAPACK solvers for computing eigenvectors from Schur forms are vulnerable to
floating point overflow. Recent advances have eliminated this problem [3, 4, 5, 6]. In this talk we
explain the fundamental principles for solving triangular equations in parallel without suffering
from floating point overflow. Moreover, we exhibit well-conditioned linear systems, eigenvalue
problems and triangular Sylvester matrix equations for which the computed solution exceeds the
representational range unless the right-hand side and the solution is scaled dynamically. A small
set of examples illustrate the dangers of underflow and the inherent limitations of dynamically
scaling the right hand side. The work has been done in collaboration with Lars Karlsson, Mirko
Myllykoski and Angelika Schwarz.

References
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Tensorized Krylov subspace methods: Algorithms, analysis, and applications

Kressner, Daniela

a École polytechnique fédérale de Lausanne, Switzerland

Tensorized Krylov subspace methods are a versatile tool in numerical linear algebra for ad-
dressing large-scale applications that involve tensor product structure. This includes the dis-
cretization of high-dimensional PDEs, the solution of linear matrix equations, as well as low-rank
updates and Frechet derivatives for matrix functions. This talk gives an overview of such meth-
ods, discusses their theoretical properties, and highlights some applications. In particular, it is
shown how an extension of the Crouzeix-Palencia bound can be utilized to conveniently develop
convergence results.

This talk is based on joint work with Bernhard Beckermann, Alice Cortinovis, Michel Crouzeix,
Stefano Massei, Leonardo Robol, and Marcel Schweitzer.
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Krylov methods for symmetric nonlinear eigenvalue problems

Mele, Giampaoloa

a KTH Royal Institute of Technology

We consider the nonlinear eigenvalue problem which consists of computing (λ, v) ∈ Ω × Cn\{0}
such that

M(λ)x = 0, (1)

where Ω ⊂ C is an open disk andM : Ω → Cn×n is an holomorphic function such thatM(λ)T =
M(λ) for any λ ∈ Ω. Symmetric polynomial (and rational) eigenvalue problems have been
successfully solved by constructing linearizations that preserve this structure. Analogous to this,
we here propose a Krylov-like method based on iteratively expanding a symmetric linearization.
We derive a short-term recurrence and illustrate how the performances benefit by exploiting this
feature of the problem.
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How two-sided matrix transformation algorithms can bene�t from task

parallelism

Myllykoski, Mirko

Umeå university

This talk focuses on the two-sided matrix transformation algorithms that are used in the

solution of dense and non-symmetric eigenvalue problems

Axi = λixi,

where A ∈ Rn×n, 0 6= xi ∈ Cn and λi ∈ C. The route of acquiring the eigenvalues λi and the

eigenvectors xi of the matrix A usually includes the following three steps:

Hessenberg reduction: The matrix A is reduced to upper Hessenberg form by an orthog-

onal similarity transformation A = Q1HQT
1 , where H is upper Hessenberg and Q1 is

orthogonal.

Schur reduction: The Hessenberg matrix H is reduced to Schur form by an orthogonal simi-

larity transformation H = Q2SQ
T
2 , where S is upper quasi-triangular with 1×1 and 2×2

blocks on the diagonal and Q2 is orthogonal. The eigenvalues can be determined from the

diagonal blocks of S.

Eigenvectors: Finally, we compute vectors yi ∈ Cn from (S − λiI)yi = 0 and backtransform

to the original basis by xi = Q1Q2yi.

Optionally, a fourth step can be performed to acquire a desired invariant subspace of A:

Eigenvalue reordering: The Schur form S is reordered, such that a selected set of eigenvalues

appears in the leading diagonal blocks of an updated Schur form Ŝ, by an orthogonal

similarity transformation S = Q3ŜQ
T
3 , where Q3 is orthogonal.

The Schur reduction and eigenvalue reordering steps apply a series of overlapping localized

orthogonal transformations to the matrices H and S, respectively. A modern algorithm groups

a set of localized orthogonal transformations together and initially applies them only within a

small diagonal window in order to achieve higher arithmetic intensity. Existing ScaLAPACK-

style algorithms can leverage the parallelism arising from several concurrent diagonal windows

and can theoretically reach full core utilization during certain stages of the algorithms. However,

although these algorithms are very carefully crafted, all necessary assumptions are not always

satis�ed and some stages will always have lower core utilization.

A new library called StarNEig relies on an alternative approach of describing the algorithms

as acyclic directed graphs known as task graphs, where the vertices represent the various compu-

tational operations (a.k.a tasks) and the edges describe the data dependencies between the tasks.

A runtime system (StarPU) is responsible for scheduling the tasks to the various computational

resources, such as CPU cores and GPUs, in a sequentially consistent order as dictated by the

data dependencies. This leads to more �exible algorithms that are able to reach a much higher

core utilization compared with the ScaLAPACK-style algorithms. Central to this improvement

is the fact that carefully selected and constructed task graphs enclose many opportunities for

increased concurrency which can be automatically detected and exploited by the runtime system.

This talk will describe the process of constructing these task graphs and present computational

results documenting the increased performance compared to ScaLAPACK-style algorithms.

The work has been done in collaboration with Carl Christian Kjelgaard Mikkelsen, Angelika

Schwarz, Lars Karlsson, Bo Kågström, Mahmoud Eljammaly and Björn Adlerborn.
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Wilkinson’s bus: weak condition numbers, with applications

Noferini, Vannia

a Department of Mathematics and Systems Analysis, Aalto University, Finland

We propose a new approach to the theory of conditioning for numerical analysis problems where
both the classical (worst-case) and stochastic perturbation theory fail to capture the observed
perturbation behaviour. To motivate the new ideas, we also present and discuss a class of relevant
examples coming from polynomial eigenvalue problems. We also discuss how to compute, in
practice, the weak condition number for these problems.
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Nonlinearizing two-parameter eigenvalue problems

Ringh, Emila

Jarlebring, Eliasa

a Department of Mathematics, KTH Royal Institute of Technology, Stockholm, Sweden

We investigate a technique to transform a linear two-parameter eigenvalue problem, into a non-
linear eigenvalue problem (NEP). The transformation stems from an elimination of one of the
equations in the two-parameter eigenvalue problem, by considering it as a (standard) generalized
eigenvalue problem. We characterize the equivalence between the original and the nonlinearized
problem theoretically and show how to use the transformation computationally. Special cases
of the transformation can be interpreted as a reversed companion linearization for polynomial
eigenvalue problems, as well as a reversed (less known) linearization technique for certain alge-
braic eigenvalue problems with square-root terms. Moreover, by exploiting the structure of the
NEP we present algorithm specializations for NEP methods, although the technique also allows
general solution methods for NEPs to be directly applied. The nonlinearization is illustrated
in examples and simulations, with focus on problems where the eliminated equation is of much
smaller size than the other two-parameter eigenvalue equation. This situation arises naturally in
domain decomposition techniques. A general error analysis is also carried out under the assump-
tion that a backward stable eigenvalue solver method is used to solve the eliminated problem,
leading to the conclusion that the error is benign in this situation.
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Computing the closest real normal matrix and normal completion

Scalone, Carmena

Guglielmi, Nicolab

a University of L'Aquila
b Gran Sasso Science Institute

In this talk, we consider the problems of computing the nearest normal matrix X to a given
non-normal matrix A ∈ Cn×n, under certain constraints, that are:

(i) if A is real we impose that also X is real; i.e. we aim to �nd a matrix X which solves

||X −A||F −→ min, X ∈ N n×n
R . (1)

where N n×n
R denotes the set of real normal matrices.

(ii) if A has known entries on a given sparsity pattern Ω and unknown/uncertain entries oth-
erwise, we aim to �nd a normal completion X of A, which is equivalent to solve

‖PΩ(X −A)‖F −→ min, X ∈ N n×n or N n×n
R . (2)

where N n×n is the set of normal matrices and PΩ is the orthogonal projection (with respect
to the Frobenius metrics) onto the the complement of the sparsity pattern Ω.

For the case in which all entries of A can be modi�ed, there exists an algorithm by Ruhe, which
is able to compute the closest normal matrix. However, if A is real, the closest computed matrix
by Ruhe's algorithm might be complex, which motivates the development of a di�erent algorithm
preserving reality. Normality is characterized in a very large number of ways; we consider the
property that the square of the Frobenius norm of a normal matrix is equal to the sum of the
squares of the moduli of its eigenvalues, which is the Henrici's measure. This characterization
allows us to formulate as equivalent problem the minimization of a functional of an unknown
matrix, which should be normal, ful�l the required constraints and have minimal distance from
the given matrix A. The method to solve these particular matrix nearness problems works on
two level: the inner iteration is based on a suitable constrained gradient system and the outer
iteration optimizes the distance parameter.
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Quasi-Newton algorithms for the eigenvector dependent nonlinear
eigenproblem

Upadhyaya, Parikshita

Jarlebring, Eliasb

a KTH Royal Institute of Technology, Stockholm
b KTH Royal Institute of Technology, Stockholm

We are interested in computing (X1,Λ1) ∈ Rn×p × Rp×p as solutions to the problem

A(X1X
T
1 )X1 = X1Λ1, X

T
1 X1 = Ip.

This class of nonlinear eigenproblems with an eigenvector-dependent nonlinearity arises in a wide
range of applications, from electronic structure calculations in quantum chemisty to dimension
reduction problems in machine learning. In this work, we take a Quasi-Newton approach to the
problem by viewing (1) as a structured nonlinear system of equations. We characterize several
Quasi-Newton methods, one of which is equivalent to state-of-the-art methods in quantum chem-
istry, and others lead to new algorithms with favorable convergence properties.
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Multigrid Preconditioners for Space-Time Discontinuous Galerkin Methods

Versbach, Lea M.a

Birken, Philippa

Gassner, Gregor J.b

a Numerical Analysis, Centre for the Mathematical Sciences, Lund University, Box 118, 22100

Lund, Sweden
b Department for Mathematics and Computer Science; Centre for Data and Simulation Science,

Universität zu Köln, Weyertal 86-90, 50931 Köln, Germany

We consider compressible turbulent �ow problems which arise for example in the design of next
generation jet engines, air frames, wind turbines, or star formation.

In this talk we study multigrid preconditioners for space-time discontinuous Galerkin (DG)
disretizations. DG discretizations approximate the solution elementwise by high order polyno-
mials and are very suitable for turbulent �ow problems. This discretization results in a large
nonlinear system to be solved. The system is of block structure and the block sizes are growing
with increasing order of the DG method.

The nonlinear system arising from a space-time DGSEM discretization is solved with a pre-
conditioned Newton-Krylov method. Constructing a good preconditioner allows to set up a fast
and e�cient DG solver.

Multigrid (MG) methods are iterative methods designed to solve equation systems associated
with discretized di�erential equations and are tailored to the problem to be extremely e�cient.
Moreover, they are well-suited for Newton-Krylov acceleration. We construct MG methods
for approximations to the speci�c FV discretization which is equivalent to our DGSEM-GL
discretization. This allows us to design new and e�cient preconditioned DG methods. In the set
up of the MG preconditioner, the smoother plays an important role. We consider the pseudo time
iteration W3 smoother from [1] with an SGS type approximation of the Jacobian. Numerical
results demonstrate the potential of the new preconditioner where we use the FV discretization
as optimal reference preconditioner. We show numerical results for the Euler equations.
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Radial point interpolation meshfree method is a very efficient numerical method for the analy-
sis of piezoelectricity, in which the fundamental electrostatic equations governing piezoelectric
media are solved without mesh generation. Due to the mechanical-electrical coupling property
and the piezoelectric constant, the discretized linear system is sparse, of generalized saddle point
structure and often very ill conditioned. In this work, we propose a family of cell-by-cell Schur
complement approximate preconditioners, which are simply constructed in the process of mesh-
free discretization and also have sparse structure, to accelerate the convergence rates of Krylov
subspace iteration methods for such problems. It is proved that the inexact cell-by-cell Schur
complement matrix is spectrally equivalent to the exact Schur complement matrix, which leads
to very fast convergence rates when the new proposed preconditioner are applied. Two numerical
experiments arising from the piezoelectric strip shear deformation problem and the piezoelectric
strip bending problem are used to show the robustness and efficiency of the new preconditioner.

References

[1] O. Axelsson, R. Blaheta, M. Neytcheva. Preconditioning for boundary value problems using
elementwise Schur complements. SIAM J. Matrix Anal. Appl., Volume 31, 2009, 767-789

[2] T.Q. Bui, M.N. Nguyen, C.Z. Zhang and D.A.K. Pham. An efficient meshfree method
for analysis of two-dimensional piezoelectric structures. Smart. Mater. Struct., Volume 20,
2011, 065016, 11 pages

[3] A. Dorostkar, M. Neytcheva and B. Lund. Numerical and computational aspects of some
block-preconditioners for saddle point systems. Parallel Comput., Volume 49, 2015, 164-178

[4] G.E. Fasshauer. Meshfree Approximation Methods with MATLAB. World Scientific Pub-
lishers, Singapore, 2007

[5] M. Neytcheva. On element-by-element Schur complement approximations. Linear Algebra
Appl., Volume 434, 2011, 2308-2324


